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1. Introduction
All rings in this paper are assumed to be commutative and unitary. If R is a subring of a ring S ,
then it is assumed that R contains the unity of S . All allusions to the dimension of a ring refer to
its Krull dimension. Therefore, a ring is zero dimensional if every prime ideal is maximal. The prime
spectrum, Spec(R), of a commutative ring R is said to be Noetherian if the closed subsets of Spec(R)
(in the Zariski topology) satisfy the descending chain condition. This is equivalent to saying that R
has the ascending chain condition on radical ideals.
The motivation of this paper is to determine the structure of minimal zero-dimensional extensions
of a commutative ring. Such an extension can be thought of as a generalization of a ﬁeld of fractions.
Why is that? A zero-dimensional ring can be thought of as a generalization of a ﬁeld. We also know
that an integral domain can be embedded in a ﬁeld, the smallest one which works is the ﬁeld of
fractions of the integral domain. So, it is natural to think of a minimal zero-dimensional extension of
a ring as a generalization of a ﬁeld of fractions.
Arapovic´ showed in [2, Theorem 7] that a unique minimal zero-dimensional extension of a ring
exists within any zero-dimensional extension. His proof gives a method of constructing that minimal
zero-dimensional extension. We refer to this method as Arapovic´’s construction and we describe it
in detail in Section 2. We use Arapovic´’s construction for determining the structure of minimal zero-
dimensional extensions of a one-dimensional ring with Noetherian spectrum in which zero is a pri-
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integrally closed. Using the structure of minimal zero-dimensional extensions of a one-dimensional
ring with Noetherian spectrum in which zero is a primary ideal we determine the structure of mini-
mal zero-dimensional extensions of general ZPI-rings in Section 5.
We end the paper by suggesting some open questions in Section 6.
As for notation we use N, Z and Q to denote the sets of natural numbers, integers and rational
numbers. Let R be a ring. A ring S is an R-algebra if S is an R-module and a(rs) = (ar)s = r(as) for
all a ∈ R and r, s ∈ S . The total quotient ring of R is the ring T (R) consisting of all fractions of the
form r/s where r, s ∈ R and s is regular. The radical of an ideal I of R , denoted rad(I), is the ideal of
elements r ∈ R such that rn ∈ I for some positive integer n. The annihilator of a set I , denoted annR(I),
is the set of elements r ∈ R such that r I = 0. The spectrum of R , denoted Spec(R), is the set of prime
ideals of R , provided with the Zariski topology. The maximal spectrum of R , denoted MaxSpec(R), is
the subset of Spec(R) consisting of all maximal ideals of R . A primary ring R is a ring with at most
one prime ideal.
2. Arapovic´’s construction
For Arapovic´’s construction we need the following results.
Lemma 1. Let S be a ring and x ∈ S. Then the following conditions on an idempotent ex of S are equivalent:
1. x(1− ex) is nilpotent and x+ (1− ex) is invertible.
2. x(1− ex) is nilpotent and xex is invertible in Sex.
3. Some power of Sx is equal to Sex.
4. x(1− ex) is nilpotent and ex ∈ Sx.
At most one such idempotent exists.
Proof. The equivalence of the ﬁrst three conditions is [3, Lemma 4.1]. Assume that x(1− ex) is nilpo-
tent and xex is invertible in Sex . We see that xex is invertible in Sex if and only if there exists sex ∈ Sex
such that xexsex = ex . So, sexx = ex . This is equivalent to ex ∈ Sx. Hence, 2 is equivalent to 4. 
We note that if x is nilpotent, then ex = 0 and if x is invertible then ex = 1.
We observe that Lemma 1 also holds for S an R-algebra and x ∈ R if x+ (1− ex) is interpreted as
x · 1+ (1− ex).
If, for given x and S , the idempotent ex satisfying the conditions of Lemma 1 exists, then we say
that ex is deﬁned in S . We note that ex could be deﬁned in S and be in a subring of S , yet not be
deﬁned in that subring. Take for example Z ⊆ Q. We have e2 deﬁned in Q and equal to 1, so it is
in Z, but it is not deﬁned in Z.
A useful result is the following arithmetic characterization of a zero-dimensional ring proved by
Arapovic´. See also [3, Theorem 2.2].
Theorem 2. (See [1, Theorem 6].) A commutative ring S is zero dimensional if and only if ex is deﬁned in S for
each x ∈ S.
Let R be a subring of a ring S . By the total quotient ring of R within S we mean the ring of
elements x such that there exist a,b ∈ R with bx = a and b is invertible in S . We observe that in
general regular elements in R need not be invertible in S even if S is a total quotient ring. Take
for example R = Z and S =∏p∈P Z/pZ where P is the set of all positive prime integers, and the
inclusion map is the diagonal embedding. Then, S is a total quotient ring but the total quotient ring
of Z within S is Z.
Let S be a ring. Deﬁne on the set of idempotents of S the operations:
e ∨ f = e + f − ef , e ∧ f = ef and e′ = 1− e.
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Let S be an R-algebra and E a set of idempotents of S . We denote E the Boolean algebra generated
by E and R[E] the R-subalgebra of S generated by E . We note that E ⊆ R[E].
Theorem 3. Let R be a ring and S an R-algebra. Let E be a set of idempotents of S. Then every element x ∈ R[E]
can be written as
∑n
i=1 ri f i where ri ∈ R and fi ∈ E are orthogonal.
Proof. Note that R[E] = R[E], so we may assume that E is a Boolean algebra. Let s ∈ R[E]. Then
s =∑ni=1 xiei where xi ∈ R and ei ∈ E . Let F be the Boolean subalgebra of E generated by e1, . . . , en .
Then F contains elements of the form
e11 ∧ e22 ∧ · · · ∧ enn (1)
where each eii is either ei or the complement e
′
i . It is known that a ﬁnitely generated Boolean algebra
is ﬁnite. We also know that every element of F is a join of ﬁnitely many elements like (1) [4, Propo-
sition V2.2]. Clearly the elements (1) are orthogonal. Then s =∑ni=1 ri f i where ri ∈ R and f i are
elements like (1). 
Theorem 4. Let S be an R-algebra such that ex is deﬁned in S for every x ∈ R. Let E = {ex ∈ S: x ∈ R}. Then:
1. ex is deﬁned in S, and is in R[E], for every x ∈ R[E].
2. Every regular element of R[E] is invertible in S.
Proof. To prove 1, consider the Boolean algebra E generated by the idempotents {ex ∈ S: x ∈ R}. Every
element x ∈ R[E] can be written as x = r1 f1 + · · · + rn fn where ri ∈ R and f i ∈ E are orthogonal, by
Theorem 3. Let e = er1 f1 + · · · + ern fn ∈ R[E]. Then
x(1− e) = r1(1− er1) f1 + · · · + rn(1− ern ) fn
is nilpotent because the elements ri(1 − eri ) are nilpotent. Since eri ∈ Sri , then eri f i ∈ Sri f i , so
e ∈∑ni=1 Sri f i = Sx.
To prove 2, let x be a regular element of R[E]. Claim that x is invertible in S . The e constructed
above has the property that x(1 − e) is nilpotent and e ∈ Sx. So xn(1 − e) = 0 for some positive
integer n. Since x is regular, e = 1, so 1 ∈ Sx. Hence, x is invertible in S . Thus regular elements
of R[E] are invertible in S . 
Lemma 5. Let S be an R-algebra and a,b ∈ R. If ea and eb are deﬁned, then eab is deﬁned and eab = eaeb.
Proof. If ea and eb are deﬁned, then a(1 − ea), b(1 − eb) are nilpotent, ea ∈ Sa and eb ∈ Sb. Then
ab(1− ea)(1− eb), abea(1− eb) and ab(1− ea)eb are nilpotent. Since
ab(1− eaeb) = ab(1− ea)(1− eb) + ab
[
ea(1− eb) + (1− ea)eb
]
,
then ab(1 − eaeb) is nilpotent. Since ea ∈ Sa and eb ∈ Sb, then eaeb ∈ Sab. Hence, eab is deﬁned and
eab = eaeb . 
For Arapovic´’s construction we follow the proof of [3, Theorem 4.2].
Theorem 6. Let R be a ring and S be an R-algebra such that ex is deﬁned in S for every x ∈ R. Let E = {ex ∈ S:
x ∈ R}. Then the total quotient ring T ′ of R[E] within S is the minimal zero-dimensional R-algebra within S.
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We observe that T ′ is contained in any zero-dimensional subring of S containing R since such
a ring must be a total quotient ring and must contain R[E] because of the uniqueness of the idem-
potents ex . Let x ∈ T ′ . Then x = a/b where a,b ∈ R[E] with b regular in R[E]. By Theorem 4, ea is
deﬁned in S , and ea ∈ R[E]. So, ea ∈ T ′ . Claim that ea is deﬁned in T ′ . Since ea is deﬁned in S , then
a(1 − ea) is nilpotent and a + (1 − ea) is invertible in S . So, a + (1 − ea) is invertible in T ′ . We ob-
serve that for an invertible element y ∈ T ′ the idempotent ey is deﬁned in T ′ and is equal to 1. By
Theorem 4 and Lemma 5, then ex = ea/b = ea . Hence, ex is deﬁned in T ′ for every x ∈ T ′ , so T ′ is zero
dimensional. 
We remark here that the total quotient ring T ′ of R[E] within S is the same as the total quotient
ring T (R[E]) of R[E], by Theorem 4.
Next let us see some examples of Arapovic´’s construction for R = Z.
• Let S be a ﬁeld of characteristic zero. Let x ∈ Z. If x = 0, then ex = 1, and e0 = 0. It follows that
the ring R[E] is Z, and its total quotient ring is Q.
• Let
S = Q ×
k∏
i=1
Z/pnii Z
where p1, p2, . . . , pk are distinct positive prime integers and ni are positive integers. Let x ∈ Z. If
x = 0, then ex has the ﬁrst coordinate 1 and the ith coordinate 0 if pi divides x and 1 if pi does
not divide x. Then R[E] = Z ×∏ki=1 Z/pnii Z and its total quotient ring is S .• Let
S =
∞∏
i=1
Z/pnii Z
where p1, p2, . . . are distinct positive prime integers and ni are positive integers. Let x ∈ Z. The
idempotent ex has the ith coordinate 0 if pi divides x and 1 if pi does not divide x. Then the
minimal zero-dimensional extension of Z within S is
{s ∈ S: there exist n,m ∈ Z such that ns =m and n = 0}.
We remark that S here is a product of zero-dimensional rings but S is not zero dimensional
unless the ni are bounded.
3. Preliminary results
We collect some deﬁnitions and facts useful for the main results.
For our speciﬁc purposes more characterizations of Spec(R) being Noetherian are needed.
Theorem 7. (See [7, Proposition 2.1].) For a commutative ring R the following are equivalent:
(a) Spec(R) is Noetherian.
(b) Every prime ideal is the radical of a ﬁnitely generated ideal.
(c) The ascending chain condition holds for prime ideals and each ideal of R has only ﬁnitely many minimal
prime ideals.
Generalizing Lemma 1 we introduce the idempotent corresponding to an ideal.
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such that I(1− e) is nil and e ∈ S I .
Proof. To see that the idempotent e ∈ S is unique, assume e and f are idempotents of S such that
e ∈ S I and I(1 − f ) is nil. Since e ∈ S I , then e =∑ki=1 siai where si ∈ S and ai ∈ I . We have that
e = (∑ki=1 siai)e = (∑ki=1 siai)(1− f )e+ (∑ki=1 siai) f e. Since I(1− f ) is nil, then x(1− f ) is nilpotent
for every x ∈ I . Therefore, (∑ki=1 siai)(1− f )e is nilpotent. It follows that e = (∑ki=1 siai)n f e for some
positive integer n. Hence, e  f . By symmetry, the idempotent e is unique. 
Whenever there is an idempotent e as in Theorem 8 we denote it by eI .
We note that if I is nil, then eI = 0. Next we give some properties of eI .
Lemma 9. Let R be a ring, S an R-algebra and I = (x1, x2, . . . , xk) a ﬁnitely generated ideal of R. If exi is
deﬁned for i = 1, . . . ,k, then eI is deﬁned and eI = ex1 ∨ ex2 ∨ · · · ∨ exk .
Proof. Let e = ex1 ∨ex2 ∨· · ·∨exk . Claim that I(1−e) is nil. Since xi(1−exi ) is nilpotent for i = 1, . . . ,k,
then xi(1−e) = xi(1−ex1)(1−ex2 ) · · · (1−exk ) is nilpotent for i = 1, . . . ,k. Hence, x(1−e) is nilpotent
for every x ∈ I , so I(1− e) is nil. Claim that e ∈ S I . Since exi ∈ Sxi for i = 1, . . . ,k, then e ∈ S I . Hence,
eI is deﬁned and eI = e. 
Lemma 10. Let R be a ring, S an R-algebra and I , J ideals of R. If eI and e J are deﬁned, then eI J is deﬁned
and eI J = eIe J .
Proof. Since eI and e J are deﬁned, then I(1 − eI ), J (1 − e J ) are nil, eI ∈ S I and e J ∈ S J . Let x = ab
where a ∈ I and b ∈ J . Then, ab(1− eI )(1− e J ), abeI (1− e J ) and ab(1− eI )e J are nilpotent. But,
ab(1− eIe J ) = ab(1− eI )(1− e J ) + ab
[
eI (1− e J ) + (1− eI )e J
]
.
Hence, ab(1− eIe J ) is nilpotent. Since any element of I J is a ﬁnite sum of elements of the form ab,
where a ∈ I and b ∈ J and a ﬁnite sum of nilpotents is a nilpotent, then every element of I J (1− eI e J )
is nilpotent. Hence, I J (1 − eIe J ) is nil. Since eI ∈ S I and e J ∈ S J , then eIe J ∈ S I J . Hence, eI J is
deﬁned and eI J = eIe J . 
Lemma 11. Let R be a ring, S an R-algebra and I an ideal of R. Then eI is deﬁned if and only if erad(I) is deﬁned,
and eI = erad(I) .
Proof. Assume eI is deﬁned. Then, I(1 − eI ) is nil and eI ∈ S I . Let x ∈ rad(I). Then, xn ∈ I for some
positive integer n. Then, xn(1 − eI ) is nilpotent so, x(1 − eI ) is nilpotent. Hence, rad(I)(1 − eI ) is nil.
We have eI ∈ S I ⊂ S rad(I). Then, erad(I) is deﬁned and erad(I) = eI .
Conversely, assume that erad(I) is deﬁned. Then, rad(I)(1− erad(I)) is nil and erad(I) ∈ S rad(I). Since
I ⊂ rad(I), then I(1 − erad(I)) is nil. Since erad(I) ∈ S rad(I) and erad(I) is an idempotent, erad(I) ∈ S I .
Then, eI is deﬁned and eI = erad(I) . 
Theorem 12. Let R be a ring with Noetherian spectrum and S an R-algebra. Then:
(a) If ex is deﬁned in S for every x ∈ R, then eP ∈ S is deﬁned for every P ∈ Spec(R).
(b) If eP is deﬁned for every P ∈ Spec(R), then ex is deﬁned in S for every x ∈ R.
(c) Assume that hypothesis of (a) or (b) hold. Let E1 = {ex ∈ S: x ∈ R} and E2 = {eP ∈ S: P ∈ Spec(R)}.
Then R[E1] = R[E2].
Proof. To show (a), we observe that since R has Noetherian spectrum, every radical ideal is the radical
of a ﬁnitely generated ideal, by Theorem 7. Let P = rad(I) where P ∈ Spec(R) and I = (x1, x2, . . . , xk)
is a ﬁnitely generated ideal of R . From Lemmas 9 and 11 it follows that eP and eI are deﬁned and
eP = eI = ex1 ∨ ex2 ∨ · · · ∨ exk .
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is ﬁnite. Using Lemmas 10 and 11 we have
∏
P∈P
eP = e∏P∈P P = e∏P∈P rad(P ) = erad(⋂P∈P P ) = e⋂P∈P P = erad(x) = ex.
Hence, ex is deﬁned in S and is a ﬁnite product of eP where P ∈ P .
The proof of (c) is straightforward. 
A rng is a commutative ring that does not necessarily have an identity. See Jacobson [6, Sec-
tion 2.17].
Let R be a ring. A rng A is an R-rng if A is an R-module and a(rs) = (ar)s = r(as) for all a ∈ R and
r, s ∈ A.
Every rng can be turned into a ring by adjoining an identity element. A canonical way to do this
is by using the following theorem.
Theorem 13. Let R be a ring and A an R-rng. On A∗ = R × A deﬁne (r1,a1) + (r2,a2) = (r1 + r2,a1 + a2)
and (r1,a1)(r2,a2) = (r1r2, r1a2 + a1r2 + a1a2). Then A∗ is an R-algebra with identity (1,0).
Proof. Straightforward. 
From now on we use A∗ to denote the R-algebra obtained from an R-rng A by adjoining an
identity as in Theorem 13.
Let R be a ring and I an ideal of R . We say that I is a regular ideal if I contains a regular element
of R .
Lemma 14. Let R be a ring,M a set of regular ideals of R that are pairwise comaximal, and S an extension ring
of R. For every Q ∈ M, let f Q be an idempotent of S such that annR( f Q ) = Q . Let R[E] be the subring of S
generated by R and the idempotents E = { f Q ∈ S: Q ∈ M}. Then R[E] is isomorphic to (⊕Q ∈M R/Q )∗ .
Proof. Claim that every x ∈ R[E] can be written uniquely as
x = r +
∑
Q ∈M
rQ f Q
where r ∈ R , rQ ∈ R/Q and only ﬁnitely many rQ are nonzero. We ﬁrst show that f P f Q = 0 for
P = Q and P , Q ∈ M. Since P and Q are comaximal in R , then P + Q = R , so f P f Q R = f P f Q P +
f P f Q Q = 0. It follows that f P f Q = 0. Since annR( f Q ) = Q for every Q ∈ M and f P f Q = 0 for
P = Q and P , Q ∈ M, every x ∈ R[E] can be written as
x = r +
∑
Q ∈M
rQ f Q .
Assume that
r +
∑
Q ∈M
rQ f Q = s +
∑
Q ∈M
sQ f Q . (2)
Let M1 be a (ﬁnite) set of ideals Q ∈ M such that rQ = 0 or sQ = 0. Let t be a product of regular
elements of R , one from each Q ∈ M1. Multiplying (2) by t , we obtain rt = st . Since t is a regular
element in R , then r = s, so we have
∑
Q ∈M
rQ f Q =
∑
Q ∈M
sQ f Q . (3)
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(rQ − sQ ) f Q = 0. So, (rQ − sQ ) f Q = 0 for all Q ∈ M1. Therefore, rQ = sQ in R/Q for all Q ∈ M1,
because annR( f Q ) = Q .
Deﬁne f : R[E] → (⊕Q ∈M R/Q )∗ = R × (⊕Q ∈M R/Q ) as follows: if x = r +∑Q ∈M rQ f Q , then
f (x) = (r,∑Q ∈M rQ ) where rQ ∈ R/Q ⊆⊕Q ∈M R/Q . Since x has unique representation, f is well
deﬁned. Clearly f is a ring isomorphism. 
Lemma 15. Let R be a one-dimensional ring with Noetherian spectrum in which zero is a primary ideal. Let Q
be a set of ideals that are primary for distinct prime ideals and S =∏Q ∈Q T (R/Q ). Then eP is deﬁned in S
for every P ∈ Spec(R), and eM has the Q th coordinate 0 if rad(Q ) = M and 1 if rad(Q ) = M for every
M ∈MaxSpec(R).
Proof. Let P0 = rad(0). Then eP0 = erad(0) = e0 = 0, by Lemma 11. Since R is one dimensional with
only one minimal prime ideal P0 and eP0 = 0, we only have to prove that eM is deﬁned in S for
every M ∈ MaxSpec(R). Let θ ∈ S be the idempotent with the Q th coordinate 0 if rad(Q ) = M and 1
if rad(Q ) = M . Claim that M(1 − θ) is nil and θ ∈ SM . Let x ∈ M . If M = rad(Q ) for Q ∈ Q, then
xn ∈ Q . Therefore xn(1− θ) = 0. Hence, M(1− θ) is nil.
Since R is one dimensional in which zero is a primary ideal, M contains a regular element x. Let
Qx = {Q ∈ Q: x ∈ rad(Q )}. Since R has Noetherian spectrum, (x) has only ﬁnitely many minimal
prime ideals, by Theorem 7(c). Since the zero ideal of R is primary, rad(0) is the set of all zero-
divisors of R and is the only minimal prime ideal. Then, x is contained in only ﬁnitely many maximal
ideals, since R is one dimensional. So Qx is a ﬁnite set.
Let s ∈ S with the Q th coordinate 0 if Q ∈ Qx and the inverse of x in T (R/Q ) if Q ∈ Q  Qx .
Then xs ∈ SM has the Q th coordinate 0 if Q ∈ Qx and 1 if Q ∈ QQx . Let Q ′ be the ideal in Q such
that rad(Q ′) = M , if there is such an ideal, and Q ′ = M otherwise. Let N = {Q ∈ Qx: rad(Q ) = M}.
Since N ∪ {Q ′} is a ﬁnite set of coprime ideals, by Chinese Remainder Theorem there exists a ∈ Q ′
such that 1 − a ∈ Q for every Q ∈ N . We note that the Q th coordinate of 1 − xs is 1 if Q ∈ Qx
and 0 if Q ∈ Q  Qx . Let Q ∈ Qx . If rad(Q ) = M , then a = 0 in R/Q , and if rad(Q ) = M then a = 1
in R/Q . Then for Q ∈ Q we have that the Q th coordinate of xs+ a(1− xs) is 1 if rad(Q ) = M and 0
if rad(Q ) = M . So,
θ = xs + a(1− xs) ∈ SM.
Hence, eM is deﬁned in S and eM = θ . 
Lemma 16. Let R be a ring and A an R-algebra. Let M ∈ MaxSpec(R). If eM is deﬁned in A and eM = 1, then
annR(1− eM) is M-primary.
Proof. Let M ∈ MaxSpec(R) such that eM is deﬁned in A and eM = 1. Let Q = annR(1 − eM). Claim
that rad(Q ) = M . We note that since eM = 1, then Q is a proper ideal. Let x ∈ M . Since M(1− eM) is
nil, then xn(1 − eM) = 0 for some positive integer n. It follows that xn ∈ Q , so x ∈ rad(Q ). Therefore,
M ⊆ rad(Q ). Since M is a maximal ideal, M = rad(Q ). So, Q is a primary ideal. 
4. Main results
Let R be a ring and S an R-algebra. We denote by S ′ the R-subalgebra of S consisting of all those
a ∈ S such that ta = u · 1 for some t,u ∈ R with t regular in R .
Now we are ready for the main results.
Theorem 17. Let R be a one-dimensional ring with Noetherian spectrum in which zero is a primary ideal. LetQ
be a set of ideals that are primary for distinct prime ideals such that
⋂
Q ∈Q Q = 0 and S =
∏
Q ∈Q T (R/Q ).
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is a minimal zero-dimensional extension of R and
M =
{
annR(1− eM): 1 = eM ∈ T
(( ⊕
Q ∈M
R/Q
)∗)
and M ∈ MaxSpec(R)
}
.
Moreover, T ((
⊕
Q ∈M R/Q )∗) is isomorphic to S ′ .
Proof. Since
⋂
Q ∈Q Q = 0, the natural ring homomorphism from R into S is one-to-one, so S is an
extension of R . By Lemma 15, eP is deﬁned in S for every P ∈ Spec(R). For every M ∈ MaxSpec(R)
we have that eM = eQ if M = rad(Q ) for some Q ∈ Q or eM = 1 if M = rad(Q ) for every Q ∈ M.
Let f Q = 1 − eQ for Q ∈ M. Then, f Q has the Q th coordinate 1 and others 0, so annR( f Q ) = Q .
Let E = { f Q ∈ S: Q ∈ M}. Let B =⊕Q ∈M R/Q . By Lemma 14, R[E] ∼= B∗ . Then by Theorems 6
and 12(c), T (B∗) is a minimal zero-dimensional extension of R . Since eM is deﬁned in T (R[E]) for
every M ∈MaxSpec(R) and T (R[E]) ∼= T (B∗), then eM is deﬁned in T (B∗) for every M ∈ MaxSpec(R),
and annR( f Q ) = Q for every Q ∈ M.
Let C be the ring of elements x ∈ S such that xQ = r + Q for some r ∈ R and all Q ∈ Q  F
where F ⊆ M is ﬁnite. Clearly R[E] = C . By Lemma 14, R[E] ∼= B∗ , so C ∼= B∗ . By Theorem 4, every
regular element of C is invertible in S , so T (C) ⊆ S . Claim that T (C) = S ′ . Let x ∈ T (C). Then there
exist a,b ∈ C such that bx = a and b regular in C . So, b is invertible in S . We also have aQ = r + Q
for some r ∈ R and all Q ∈ Q  F where F ⊆ M is ﬁnite and bQ = s + Q for some s ∈ R and all
Q ∈ Q  G where G ⊆ M is ﬁnite.
We prove that s is regular in R . Claim that QG is nonempty. Assume that QG is empty. Then⋂
Q ∈G Q = 0, so minimal prime ideals of R are maximal ideals, which is a contradiction with the
fact that R is one dimensional. Hence, there exists an N ∈ Q  G . Since b is invertible in S , then s is
regular in T (R/Q ) for every Q ∈ Q  G . So, s /∈ rad(N). It follows that s /∈ rad(0). Since the zero ideal
of R is primary, rad(0) is the set of all zero-divisors of R . Hence, s is regular in R .
Then sxQ = r + Q for every Q ∈ Q  (F ∪ G). Since every Q ∈ M is primary for a maximal
ideal and the zero ideal of R is primary, then every Q ∈ M is regular. Let q be a product of regular
elements, one in each Q ∈ F ∪ G . Let u = rq and t = sq. Then tx = u · 1 in S and t is regular in R , so
x ∈ S ′ .
Conversely, let x ∈ S ′ . Then, there exist t,u ∈ R such that tx = u · 1 in S and t is regular in R .
Since t is regular, t is contained in only ﬁnitely many maximal ideals. We can consider b ∈ C with
bQ = 1 + Q if t ∈ rad(Q ) and bQ = t + Q if t /∈ rad(Q ). Then bQ is regular in T (R/Q ) for every
Q ∈ Q, so b is regular in S . Let a ∈ C such that aQ = xQ if t ∈ rad(Q ) and aQ = u + Q if t /∈ rad(Q ).
Then bQ xQ = xQ = aQ if t ∈ rad(Q ) and bQ xQ = txQ = u + Q = aQ if t /∈ rad(Q ). So, bx = a and
x ∈ T (C). 
Theorem 18. Let A be a minimal zero-dimensional extension ring of R, where R is a one-dimensional ring
with Noetherian spectrum in which zero is a primary ideal. Then the set
M = {annR(1− eM): 1 = eM ∈ A and M ∈MaxSpec(R)}
consists of ideals of R primary for distinct maximal ideals, and A is isomorphic to T ((
⊕
Q ∈M R/Q )∗).
Proof. Since A is zero dimensional, ex is deﬁned in A for every x ∈ A. By Theorem 12(a), every eP
is deﬁned in A for every P ∈ Spec(R). Let M ∈ MaxSpec(R). If eM = 1, by Lemma 16 annR(1− eM) is
a primary ideal.
Let M be the set of primary ideals that are annihilators of nonzero 1 − eM . Let E be the
set of idempotents 1 − eM such that annR(1 − eM) ∈ M. Since R is one dimensional with zero
a primary ideal, then every maximal ideal of R is regular. Therefore, every element of M is
regular. By Lemma 14, R[E] ∼= (⊕Q ∈M R/Q )∗ . Then by Theorems 6 and 12(c), A = T (R[E]) ∼=
T ((
⊕
Q ∈M R/Q )∗). 
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Let R be a one-dimensional ring with Noetherian spectrum in which zero is a primary ideal and
let M be a maximal ideal of R . Theorem 18 implies that there is a minimal zero-dimensional extension
of R associated to each M-primary ideal Q . Since there exists inﬁnitely many distinct M-primary
ideals, there exists inﬁnitely many non-isomorphic minimal zero-dimensional extensions of R .
In summary, Theorems 17 and 18 state the following.
Corollary 19. Let R be a one-dimensional ring with Noetherian spectrum in which zero is a primary ideal.
There is a one-to-one correspondence between isomorphism classes of minimal zero-dimensional extensions
of R and sets M, where the elements of M are primary ideals for distinct maximal ideals of R.
The sets of ideals primary for distinct maximal ideals are complete sets of invariants of the minimal zero-
dimensional extensions of R.
Proof. Let A be the class of minimal zero-dimensional extensions of R and I be the set of sets
of ideals of R that are primary for distinct maximal ideals. Let M ∈ I . If we take Q = M ∪ {0} in
Theorem 17, then T ((
⊕
Q ∈M R/Q )∗) is a minimal zero-dimensional extension of R . Deﬁne F :I → A
by
F (M) = T
(( ⊕
Q ∈M
R/Q
)∗)
where M ∈ I .
Now, let A ∈ A. By Theorem 18, the set
G(A) = {annR(1− eM): 1 = eM ∈ A and M ∈ MaxSpec(R)}
is in I , and T ((⊕Q ∈G(A) R/Q )∗) ∼= A. Then, for A ∈ A we have
FG(A) = T
(( ⊕
Q ∈G(A)
R/Q
)∗)
∼= A.
For M ∈ I , we have
GF (M) = G
(
T
(( ⊕
Q ∈M
R/Q
)∗))
=
{
annR(1− eM): 1 = eM ∈ T
(( ⊕
Q ∈M
R/Q
)∗)
and M ∈ MaxSpec(R)
}
= M,
by Theorem 17.
The fact that the sets of ideals primary for distinct maximal ideals are complete sets of invariants
of the minimal zero-dimensional extensions of R follows immediately. 
Examples of one-dimensional rings with Noetherian spectrum in which zero is a primary ideal
include Z[X]/(X2) and K [X, Y ]/(X2) where K is a ﬁeld. They also include Dedekind domains but
need not be Noetherian nor integrally closed. (A Dedekind domain is an integrally closed, Noetherian
one-dimensional domain.) Take for example D = Q+ XA[X] where A is the ﬁeld of algebraic numbers.
Then D is one-dimensional domain with Noetherian spectrum but is neither Noetherian nor integrally
closed.
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Having the structure of minimal zero-dimensional extensions of a primary ring R and a Dedekind
domain R we can determine the structure of minimal zero-dimensional extensions of a general ZPI-
ring R . For this we need the following result.
Theorem 20. Let R1, . . . , Rn be rings. The minimal zero-dimensional
∏n
i=1 Ri-algebras are exactly the prod-
ucts of minimal zero-dimensional Ri-algebras for i = 1, . . . ,n.
Proof. Let Ai be a minimal zero-dimensional Ri-algebra for i = 1, . . . ,n. Then ∏ni=1 Ai is a zero-
dimensional
∏n
i=1 Ri-algebra. Assume that B is a zero-dimensional
∏n
i=1 Ri-subalgebra of
∏n
i=1 Ai .
Then B1i is a zero-dimensional Ri-subalgebra of Ai for every i = 1, . . . ,n. Since Ai is a minimal
zero-dimensional Ri-algebra, then B1i = Ai for every i = 1, . . . ,n. Hence, B =∏ni=1 Ai is a minimal
zero-dimensional
∏n
i=1 Ri-algebra.
Conversely, assume that A is a minimal zero-dimensional
∏n
i=1 Ri-algebra. Then A1i is a zero-
dimensional Ri-algebra for i = 1, . . . ,n and A =∏ni=1 A1i . Since A is a minimal zero-dimensional∏n
i=1 Ri-algebra, then A1i is a minimal zero-dimensional Ri-algebra for i = 1, . . . ,n. 
A ring R is a general ZPI-ring if each ideal of R can be represented as a ﬁnite product of prime
ideals.
A special primary ring R is a local ring with maximal ideal M such that each proper ideal of R is
a power of M .
Theorem 21. (See [5, Theorem 39.2].) Let R be a ring. The following conditions are equivalent:
(1) R is a general ZPI-ring;
(2) R is a ﬁnite direct sum of Dedekind domains and special primary rings.
Using Theorems 20 and 21 we can determine the structure of minimal zero-dimensional exten-
sions A of a general ZPI-ring R as follows. By Theorem 21 we can write R = R1 × · · · × Rm × Rm+1 ×
· · · × Rn where Ri is a Dedekind domain for 1  i m and a special primary ring (hence, a zero-
dimensional ring) for m + 1  i  n. Then by Theorems 20 and 18 we have A = A1 × · · · × Am ×
Rm+1 × · · ·× Rn with Ai ∼= T ((⊕Q ∈Mi Ri/Q )∗) where Mi is a set of ideals of Ri primary for distinct
maximal ideals for every 1 i m.
6. Open questions
We conclude this paper by suggesting open questions for further research.
Since for any ring R the zero ideal is primary if and only if T (R) is zero dimensional and the
nilradical is prime, a natural way to generalize the main results is to weaken the hypothesis that zero
is a primary ideal to the nilradical is prime or to T (R) is zero dimensional.
Question 1. What is the structure of minimal zero-dimensional extensions of one-dimensional rings
with Noetherian spectrum and the nilradical prime? An example of such ring is K [X, Y ]/(X2, XY ),
where K is a ﬁeld.
Question 2. What is the structure of minimal zero-dimensional extensions of one-dimensional rings
with Noetherian spectrum and the total quotient ring is zero dimensional? An example of such ring
is K [X, Y ]/(XY ), where K is a ﬁeld.
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